is paper is devoted to the classification of the fourth-order dissipative differential operators by the boundary conditions. Subject to certain conditions, we determine some nonself-adjoint boundary conditions that generate the fourth-order differential operators to be dissipative. And under certain conditions, we prove that these dissipative operators have no real eigenvalues.
Introduction
It is well known, the nonself-adjoint spectral problems have wide applications. For example, interesting nonclassical wavelets can be obtained from eigenfunctions and associated functions for nonself-adjoint spectral problems. us, such problems have received more and more attention by the scholars [1] [2] [3] [4] [5] [6] . e nonself-adjointness of spectral problems can be caused by one or more of the following factors: the nonlinear dependence of the problems on the spectral parameter, the nonsymmetry of the differential expressions used, and the nonself-adjointness of the boundary conditions (BCs) involved.
Nonself-adjoint differential operators generated by symmetric differential expressions together with nonselfadjoint BCs have been investigated in [6] [7] [8] [9] [10] [11] [12] [13] [14] . e determinant of perturbation connected with the dissipative operator L generated in L 2 [a, b) by the Sturm-Liouville differential expression in Weyl's limit-circle case has been studied by Bairamov and Ugurlu in [11] . By using the Livšic theorem, they showed the completeness of the system of eigenfunctions and associated functions of the operator.
In recent years, there are several results for fourth-order dissipative operators [6, [12] [13] [14] . However, these studies only restricted into some special boundary conditions. For second order Sturm-Liouville differential expression, Wang and Wu in 2012 gave all the nonself-adjoint boundary conditions which generate the operators dissipative [8] . As far as we know, there are no such results on higher order cases. e dissipative operators have very important application backgrounds such as the scattering theory and telegraphist's equation. As is mentioned above, the boundary conditions can make the operators to be dissipative. A general question is how to justify the operator as a dissipative operator from the boundary conditions? Motivated by this reason and [8] , in this paper, we will consider the fourthorder case and show a classification of the fourth-order dissipative differential operators. e results here are more general than previous known results, and the process is much complicated.
Notation and Main Results
In this paper, we consider the following fourth-order differential expression:
where − ∞ ≤ a < b ≤ + ∞ and q(x) is a real-valued function on I and q(x) ∈ L 1 loc (I). Suppose that the endpoints a and b are quasi regular (regular or limit circle); hence, without loss of generality, we assume that Weyl's limit-circle case holds for the differential expression l(y) throughout this paper.
For any m, n ∈ N, we use M m,n (C) to denote the vector space of m by n complex matrices.
Let
(2)
For y, z ∈ Ω, the so-called Lagrange bracket is given by
where the bar over a function denotes complex conjugate, and
, represent a set of linearly independent solutions of the equation l(y) � λy, where λ is a complex parameter. From the well-known Naimark's Patching Lemma, the solutions can be chosen to satisfied with any initial conditions; hence, we set v i (x) � ϕ i (x, 0), λ � 0, i � 1, 2, 3, 4, and satisfy the condition
where
From [15] , the solutions v i (x), i � 1, 2, 3, 4, as described above exist and are linearly independent. Since Weyl's limitcircle case holds for the differential expression l(y) on I, the solutions v i (x), i � 1, 2, 3, 4, belong to L 2 (I).
Since v i (x), i � 1, 2, 3, 4, are solutions of equation l(y) � 0, according to Green's formula, we can get
Now let l(y) � λy, and we consider the boundary value problem consisting of the differential equation
and the boundary condition (BC):
where 
and A, B ∈ M 4,4 (C).
For the convenience to the next discussion we combine the matrices A and B as a whole and write it as the following block matrix form:
is called as the boundary condition matrix throughout this paper.
Remark 1. When the endpoints a and b are both regular, the BCs are the same as given in (8), with Y(a) and
At this time the matrices A and B (or the boundary condition matrix (A : B)) are the same. ere is a similar statement about one endpoint is regular and the other one is in limit-circle case. Hence, without loss of generality we will discuss the results in this paper under the BC (8), which is in limit-circle case. Journal of Function Spaces Now in L 2 (I), we define the operator L as Ly � l(y) on
Definition 1 (see [1] ). A linear operator L, acting in the Hilbert space L 2 (I) and having domain D(L), is said to be dissipative if I(Lf, f) ≥ 0, ∀f ∈ D(L), where I denotes the imaginary part of the value. en, we can state our main results.
Theorem 1.
e fourth-order differential operator L generated by the differential expression (1) and a BC (8) is dissipative if up to a GL(4, C) factor on the left, where GL(4, C) is the set of invertible complex matrices in dimension 4, the boundary condition matrix (A: B) has one of the following forms:
where a i1 , a i2 , i � 1, 2, 3, 4, b 3j , b 4j , j � 3, 4 ∈ C and satisfy I(a 22 − a 11 ) ≥ 0, − 4Ia 22 Ia 11 ≥ |a 21 + a 12 | 2 and
a 11 a 12 1 0 a 41 0 0 a 31 
where a i1 , a i2 , i � 1, 2, 3, 4, b 3j , b 4j , j � 2, 3 ∈ C and satisfy I(a 22 − a 11 ) ≥ 0, − 4Ia 22 Ia 11 ≥ |a 21 + a 12 | 2 and
1 0 a 13 a 14 a 33 − a 43 0 0 0 − 1 a 23 a 24 − a 34 a 44 0 0
where a i3 , a i4 , i � 1, 2, 3, 4, b 3j , b 4j , j � 1, 2 ∈ C and satisfy I(a 13 − a 24 ) ≥ 0, − 4Ia 13 Ia 24 ≥ |a 23 + a 14 | 2 and 
where a i3 , a i4 , i � 1, 2, 3, 4, b 3j , b 4j , j � 1, 4 ∈ C and satisfy I(a 13 − a 24 ) ≥ 0, − 4Ia 13 Ia 24 ≥ |a 14 + a 23 | 2 and 
where a i2 , a i3 , i � 1, 2, 3, 4, b 3j , b 4j , j � 1, 2 ∈ C and satisfy I(a 22 + a 13 ) ≥ 0, 4Ia 22 Ia 13 ≥ |a 12 − a 23 | 2 and 
where a i2 , a i3 , i � 1, 2, 3, 4, b 3j , b 4j , j � 2, 3 ∈ C and satisfy I(a 22 + a 13 ) ≥ 0, 4Ia 22 Ia 13 ≥ |a 12 − a 23 | 2 and I(b 42 + b 33 ) ≤ 0, 4Ib 42 Ib 33 ≥ |b 43 − b 32 | 2 . 
where a i2 , a i3 
where a i1 , a i4 , i � 1, 2, 3, 4, b 3j , b 4j , j � 1, 2 ∈ C and satisfy I(a 21 + a 14 ) ≥ 0, 4Ia 21 Ia 14 ≥ |a 24 − a 11 | 2 and
a 11 
where a i1 , a i4 , i � 1, 2, 3, 4, b 3j , b 4j , j � 2, 3 ∈ C and satisfy I(a 21 + a 14 ) ≥ 0, 4Ia 21 Ia 14 ≥ |a 24 − a 11 | 2 and
Proof. It is given in Section 3.
□ Remark 2.
e BCs of the fourth-order dissipative differential operators given in eorem 1 can be classified as separated, mixed, and coupled. Let rank(A 3 : A 4 ) � rank (B 1 : B 2 ) � r, then it can be concluded that when r � 0, the BCs are separated, when r � 1, the BCs are mixed, and when r � 2, the BCs are coupled. Remark 3. From eorem 1, it can also be concluded that the fourth-order differential operators consist of the symmetric differential expression and certain types of BCs are dissipative when the BC matrix takes one of the forms (13)-(28). e BCs can be separated, mixed, or coupled. e classification includes all the separated cases; however, for the mixed BCs and the coupled BCs we still cannot say that the results include all the BCs which generate the fourth-order operators (7) and (8) to be dissipative. Furthermore, for the convenience to justify the dissipation of the fourth-order dissipative differential operators, the separated BCs can also be classified as follows, which is a supplementary explanation to the separated BCs given in eorem 1.
Theorem 2. Suppose that the fourth-order differential operator L is generated by the differential expression (1) and a BC (8) and suppose that the BC (8) is separated, then L is dissipative if up to a GL(4, C) factor on the left the boundary condition matrix (A: B) takes one of the following forms: 
where a 1i , a 2i , i � 2, 4, b 3j , b 4j , j � 2, 4 ∈ C and satisfy I(a 12 a 22 + a 14 a 24 ) ≥ 0, 4I(a 12 a 22 )I(a 14 a 24 ) ≥ |1 − a 12 a 24 + a 14 a 22 | 2 and
1 a 12 0 a 14 0 0 0 0 0 a 22 − 1 a 24 0 0 0 0 
where a 1i , a 2i , i � 1, 3, b 3j , b 4j , j � 2, 4 ∈ C and satisfy I(a 11 a 21 + a 13 a 23 )≥0, 4I(a 11 a 21 )I(a 13 a 23 )≥ |1 − a 11 a 23 + a 13 a 21 | 2 and
a 11 1 a 13 0 0 0 0 0 a 21 0 a 23 − 1 0 0 0 0
where a 1i , a 2i , i � 1, 3, b 3j , b 4j , j � 1, 3 ∈ C and satisfy I(a 11 a 21 + a 13 a 23 )≥0, 4I(a 11 a 21 )I(a 13 a 23 )≥|1 − a 11 a 23 + a 13 a 21 | 2 and
□ Remark 4. e separated BCs given in eorem 2 can be transformed into the separated BCs given in eorem 1 by elementary row transformation of boundary condition matrix (A : B) , but the conditions satisfied by the coefficients are more complex than those in eorem 1. erefore, it is necessary to list them in brief additionally.
Remark 5. In the regular case, there are similar statements as eorems 1 and 2.
Proofs of the Main Results
In this section, we prove eorems 1 and 2 and present additional results about dissipative operators. Before proving these theorems, we need to introduce the following results. Since these results and their proofs are regular, we will state them without proofs. e readers may find them in [16] .
Let Φ(x) be the Wronskian matrix of the solutions v i (x), i � 1, 2, 3, 4, in I, then we have 
be the Wronskian matrix of y 1 , y 2 , y 3 , y 4 , then
Lemma 3. For arbitrary y, z ∈ D(L), we have
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Proof. By Lemma 1 and Lemma 2, it follows
is completes the proof. Now let us prove eorems 1 and 2. 
